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A method for the calculation of the sextet polynomial of unbranched catacondensed benzenoid molecules is
proposed. It requires the multiplication of a small number of 2X2 matrices and is therefore very simple.

The concept of the sextet polynomial was intro-
duced by Hosoya and Yamaguchi® in 1975 and was
thereafter subject of numerous investigations.2"19 The
theory based on the sextet polynomial and its various
chemical applications can be found in the reviews?%,21)
and books.?2:23)

The sextet polynomial is defined via the resonant
sextet numbers 7(B, k). Let B be a benzenoid system.
Then (B, k) is the number of distinct Clar-type formu-
las for B, in which exactly &k hexagons contain a reso-
nant sextet, k=1,2, --- ,s. Here s is the maximal number
of aromatic sextets which can be inserted in a Clar-type
formula for B, i.e. 7(B, s) #0, r(B, s+1)=0. By defini-
tion, r(B, 0)=1.

Then the sextet polynomial of B is

o(B, x)=kﬁo 7(B, k) x*. 1)

If B is an unbranched catacondensed benzenoid sys-
tem, then an acyclic graph G=G(B) can be con-
structed,¥ such that for all values of &,

(B, k) =m(G, k) 2)

where m(G, k) is the number of k-matchings of the
graph G. When Eq. 2 is substituted back into Eq. 1
we obtain

(B, x)= kz;) m(G, k) xk. 3)

The right-hand side of Eq. 3 is exactly the so-called
“Z-counting polynomial” (of the graph G), introduced
in 1971 by Hosoya.? Therefore in the case of
unbranched catacondensed benzenoids, the calculation
of the sextet polynomial reduces to the finding of the
Z-counting polynomial of the associated graph.

The graph G has the following structure. Suppose
that the unbranched catacondensed molecule consi-
dered possesses n hexagons of type A (i.e. n kinks).
The number of hexagons of type L between the i-th
and the (i+1)-th A hexagon is ¢, =1, 2,---, n—1.
Further, ¢, is the number of L hexagons lying between
the terminal (T) hexagon and the first A hexagon.
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Similarly, ¢, counts the L hexagons between the n-th A
hexagon and the other terminal hexagon. With these
conventions, the LA-sequence? of a general unbranched
catacondensed benzenoid system has the form

TL% AL%" AL% A--- L»1 AL T 4)

where LL, LLL, LLLL etc. is abbreviated by L.2, L3, 1.4
etc. Note that ¢; may be equal to zero, which simply
means that the i-th and the (i+1)-th hexagon of the
type A are first neighbors.

For example, the below unbranched benzenoid sys-
tem By has n=4 kinks and its LA-sequence is TL3A-
LAALZAT; hence t,=3, t;=1, t,=0, t;=2, and t,=0.

B,
Now, the graph G in Egs. 2 and 3 is of the form:¥

UV

6= Gy, £ tys wens B0 2)

The graphs of the above type are called caterpil-
lars!>21 or sometimes!%2!) Gutman trees.

One should observe that the caterpillar G has n
horizontal edges, each corresponding to a hexagon of
type A. This explains why the branching points of G
are numbered from 0 to n (and not from 1 to 7 as, at the
first glance, may look more appropriate). Anyway, it
should not be forgotten that the main object of the
present paper are benzenoid hydrocarbons whereas
their LA-sequences and the associated Gutman trees
are auxiliary mathematical constructions needed only
to deduce our expression for the sextet polynomial.

The caterpillar corresponding to By is G(By) :

SV

G(BO)
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As already mentioned, the Z-counting polynomial of
G(ty, t1, tg--, ta—1, tn) coincides with the sextet poly-
nomial of an unbranched catacondensed hydrocarbon
whose LA-sequence is given by Eq. 4.

The properties of the matching numbers m(G, k),
the Z-counting polynomial Q(G, x) and the closely
related matching polynomial have been studied in
detail.?® In the present paper we need only two simple
relations®® for Q(G, x).

(i) LetG be an arbitrary graph, e its arbitrary edge,
and let e connect the vertices u and v. Then

Q(G, x)=Q(G-e, x) +xQ(G-u-v, x). (5)

(ii) Let G be a graph composed of two components
G, and G,. Then

Q(G, x)=Q(Gy, x)- QGy, X). (6)

The Main Result. The sextet polynomial of an
unbranched catacondensed benzenoid system whose
LA-sequence is given by Eq. 4 is equal to U +Ut+
U21+U22 where

(Uu Ur2
Us Uy

1 + Lx 1
M; = .
x 0

For the previous example,
Un Up 1+3x 1\ /1+x 1\ /1 1
(Uzl Uzz) - < x O)( x 0) (x O)
1+2x 1 1 1 1 0
ol oo
which after simple matrix multiplication gives

<U11 Ulz) <l+10x+29x2+2lx3 x+9x2+23x3+15x4>

1 0
> = MyMiM, --- M, 1M, (7
0 x

and

Us1 Usy x + 6x24 7x3 x2 4+ 5x8 4 Hx4

yielding the sextet polynomial of By:

6(Bg, x) = (1+10x+29x%+21x3) + (x+9x2+23x3+15x4)
+ (x+6x%+7x3) + (x2+5x3+5x4)
=1+ 12x +45x% + 56x3 + 20x*.

Two special cases of Eq. 7 are worth mentioning. If
on the left-hand side from the first kink there are no
L-type hexagons (i.e. {,=0), then

Un U 1 1 1 x
= Ml MZ Mn .
Uz Uy x 0 0 «x

If on the right-hand side from the last kink there are no
hexagons of the type L (i.e. t,=0), then

Un U 1 x
— MO Ml veas M"_.1 .
U Uy x 0

Verification of Equation 7. We first apply Egs. 5
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and 6 to the two edges of G(t, t1, t2, -+, ta—1,tn) which
on the previous diagram are indicated by arrows.
Bearing in mind that for the graph E, with p vertices
but without edges Q(E;)=1, we straightforwardly
obtain:

Q[G(to: ty, Lo, =0y a1, tn), X]
= Q[F(to, t3, ta, =, tu-1, tn), x]
+xQ[F(t0’ by, Lo, s tn—l), x]
+xQ[F(t1, ta, -+, tn—1, tn), x]
+ x2Q[F(ty, ty, 5 tam1), ] (8a)

where the caterpillar F is defined as follows:

t

0 1

oo oo ooe

F(to, t,, t

1 By st tn)

It 1s expedient to use the shorthand notation
Q[F(to, tl’ tz, sy tn—l, tn), x]E(O, n).
Then Eq. 8a is simplified as

Q,[G(to, ty, ta, ooy tn1y t”)’ x]
=(0, n)+x-(0, n—1)+x-(1, n)+x%-(1, n—1). (8b)
Another way to deduce the identity Eq. 8 is to apply
the inclusion and exclusion principle to the Q poly-
nomial. Let a and b denote the edges of G indicated by
arrows. Then the first term on the right-hand side of
either Eq. 8a or 8b corresponds to the subgraph of G
from which both a and b are excluded. The second
term in Egs. 8a and 8b corresponds to the subgraph of
G in which a is included, but b is excluded; the third
term corresponds to the subgraph from which a is
excluded, but b is included. Finally, the last term in
Egs. 8a and 8b corresponds to the subgraph to which
both a and b are included. The authors are indebted to
the referee for pointing out this observation.
Applying Egs. 5 and 6 to the i-th horizontal edge of
F(to, t1, ta, =+, tn—1, tn) We arrive at

(0, n)=(0, i)(i+1, n)+x - (0, i—1)(:+2, n)
and in a fully analogous manner:

(0, n=1)=(0, i)(i+1, n—1)+x+ (0, i—1)(i+2, n—1)
(1, n)=(1, i)(i+], n)+ x- (1, i—1)(i+2, n)
(1, n=1)=(1, i)(+1, n—1)+ x - (1, i—1)(i+2, n—1).

These four equations can be written in a matrix form
as

0, n) 0,n—1)
<x~(l, n) x-(l,n—l))

, 2) 0, i—1) (Z+1,n)
(x-(l, ) x-(1, i—l)) (

The above relations hold for 2=:=n—3. They can eas-

GE+1,n-1)
. . . ©
x-(t+2,n) x-(i+2,n—1)
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ily be extended to apply for all values of ¢, =0, 1, ---,
n—1 if one sets (j,j—1)=I1 and (5+1,7—1)=0. One should
recall that (5,7)=1+t;x.
Setting :=n—1 in Eq. 9 we obtain
(0, n) (0’ n— l)
x-(I,n) x-(1,n—1) B

( 0, n—1) (0,n—2)> 1 + t,x l)
x-(I,n—1) x-(1,n—2) X 0

i.e.
(0, ) (O,n—l)) (0,n —1) (0,n—2)>
= M,
x-(I,n) x-(1,n—1) x(I,n—=1) x-(1,n—2)
from which is immediately seen that
(0, n) 0,n—1)
=MMM; - My M, .
x-(I,m) x(l,n—1)

Equation 7 follows now from the fact that
Un Urn ©, n) 0,n—1) ) 1 0)
Uz Uss - x-(,n) x-(I,m—1)/) \0 x/.
Discussion

Another form in which we can express our main

result is
1\T 1
0B, x) = MM -+ M, . (10)
1

X

For x=1 the sextet polynomial reproduces the
number of Kekulé structures.!:® Therefore Eq. 10 pro-
vides an expression for the Kekulé structure count of
unbranched catacondensed benzenoid systems, viz.

1\ 1
K{B}=<l> LﬁLl".Lm(l) (11)
(ti + 1 1)
L, = .
1 0

Formulas of this type, but not Eq. 11, are previously
known.2®)

We wish to point at a property of the matrix ele-
ments Ujj, Eq. 7, whose meaning and possible signifi-
cance are not understood. @ We have seen that
U +UpptU»+Uy, is the sextet polynomial. In
addition,

where
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UnUsp— UppUp = (—1)" x4, (12)

The above relation is obtained if one calculates the
determinants of the left- and right-hand sides of
Eq. 7, taking into account that det M;=—x. The spe-
cial case of Eq. 12 for x=1 was observed previously.?”

One of the authors (I. G. ) thanks the Royal Norwe-
gian Council for Scientific and Industrial Research for
financial support.
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